IJO- International Journal of Mathematics (ISSN: 2805-413X)

BOUNDEDNESS OF GENERALLY FRACTIONAL INTEGRAL
OPERATOR ON GENERAL MORREY SPACE

Lina Nurhayatil, Hendra Gunawan2, Iwan Gunawan3,
Haryono Edi Hermawan4 ,
Universitas Sangga Buanal, Istitut Teknologi Bandung?2, Universitas Langlang
Buana3

ABSTRACT. In this study I will discuss the limits of fractional integral operators in the
homogeneous and nonhomogeneous Lebesgue space, the Morrey space and the general
Morrey space. In particular, in this study it will be proven that the fractional integral
boundaries formulated in the Morrey space are generally not homogeneous. Evidence of
integral fractional boundaries formulated in the Morrey space is generally not
homogeneous using the specified maximum operator properties in space and using
Hedberg's inequality. This evidence is an extension of Hardy-Littlewood-Sobolev's
inequality [11, 22]. My research related to BOUNDEDNESS OF GENERALLY
FRACTIONAL INTEGRAL OPERATOR ON GENERAL MORREY SPACE as a
scientific work that must be published in an international journal, as for the results I
present in this journal, is the result of research

1. Introduction

Suppose that o €R and 0 <o <n. The fractional integral operator or potential Riesz Ia is

Lfe)= |

—o dy (n

Iy,
z =yl

for every x € Rn. Size pu which satisfies the condition of growth, ie there are ¢c> 0 and 0
<n < d so that p (B (x, r)) < crn (2)for each ball centered on x €ERd and has radius r> 0 then (Rd,
u) is called a non-homogeneous space. In nonhomogeneous space, fractional integral operators

are defined

Nl fw g0
as W]thrﬂl (l) - .,H{’»{ ];l:_/y|lll>r u(]:u’((y)

for 0 <o <n < d and x € Rd. It can be seen that if n = d and p are Lebesgue

sizes then they are obtained.
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In [5], it is proven that, if 1 and, for 0 <o <n

Then it is limited from Lebesgue non-homogeneous space Lp (p) to Lq (p). Furthermore,
in the wider space of the limited Lebesgue space from the non-homogeneous Morrey
space which is generally Lp, ¢ (1) to Lg, v (n). For any function f measured-pu with p
borel size on Rd that satisfies the condition of growth (2), for 1 < p <oo and ¢: (0, ©) —
(0, ©) Morrey space is generally Lp, ¢ (u ) =Lp, ¢ (Rd, p) is Lp, ¢ (n) = {f € Lploc (p):
[ £1/ Lp, ¢ () <o} with

1
1 1 - B
[fllpoq == sup | —= —n/ |f(z)[Pdp(x) < 00,
B(a,r) O(’) ! U((LJ')

for 0 <o <n < d and x € Rd. It can be seen that if n = d and p are Lebesgue sizes then they are
obtained.In [5], it is proven that, if 1 and, for 0 <o <nthen it is limited from Lebesgue non-
homogeneous space Lp (i) to Lq (n). Furthermore, in the wider space of the limited Lebesgue
space from the non-homogeneous Morrey space which is generally Lp, ¢ (u) to Lq, v (). For
any function f measured-p with p borel size on Rd that satisfies the condition of growth (2), for 1
<p <o and ¢: (0, ©) — (0, ) Morrey space is generally Lp, ¢ (u ) =Lp, ¢ (Rd, n) is Lp, ¢ (u) =
{f € Lploc (W): || £| Lp, ¢ (n) <eof with

With the function ¢ is a positive function where ¢: (0, ) — (0, o) which must fulfill the
following two conditions,

1. The function ¢ (r) is almost down, namely there is a constant C> 0 such that for each r r s
applies ¢ (r) > Co (5).

2. The function rag (r) p almost rises, that is, there is a constant C> 0 such that for each r<s
applies rag (r) p < Csao (s) p.

Because both of these requirements must be fulfilled by the function ¢ this function fulfills the
doubling condition, namely there is a constant C> 0 such that if 2 then, for each r, s> 0. Note
Proposition 1 and Lemma 2 below. Proposition 1. Suppose that o is a non-negative function and
f is neutralized locally at Rd, for 1 <p <o, then there is ¢> 0 so that

Z 7

M A w(x)du(x) < c P M a(x)du(x).  (3)
RdRd

The above inequality is called the Fefferman-Stein inequality and the proof can be seen in [22]
page 29.

Lemma 2. If the function ¢: (0, ) — (0, o) satisfies the doubling condition then
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Dkt 1. ;
’ p ()P
¢ (2A+]7'> ~ / &dt
J 2k t

for every r> 0 and k positive integers.

Based on Proposition 1 and Lemma 2 it can be shown that the maximum operator My is defined
as

.
MV f(x) := sup — |f(x—y)ldp(y)
>0 1" JBo,r)

for x €Rd and f € Llloc (Rd), limited to Lp, ¢ (p) for 1 <p <o (see [16], page 8) stated in the
following theorem.

Theorem 3. Suppose f is integrally localized at Rd, ¢: (0, ©) — (0, o) satisfies doubling

conditions and foracl>0
oot
o(t)P .
/ ¥dt <cpo(r)?
. j

for every r> 0 and 1 < p <oo, then||]\4”ﬁLp,qo(ﬂ)S C MLp,qo(,u) (4)

fora C> 0.

Evidence. Take any f € Lp, ¢ (1) and B (a, r) are open balls centered on a €Rd and radius r> 0 so
® = %B (a, r) is a non-negative function. Then according to equality (3) is obtained,Z

M fix)Pdu(x)
B(a,r)
Z
< \Mufx)lpxB(a,r)du(x)
Rd
Z

<C [fix)lpMuyB(a,r)du(x)
Rd
. "
V4 Z
<C  )ldu(x) +* o) My s ndu(x)
B(a,r) =1 B(a,2""'r)~B(a,2"r)(5)
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Next, forz € B a,2""'r) — B a,2"r), we are estimatedM" ), »(x) as follows.

/ |X'B((L,'r) (:1: —y) |d/L(I)
(o,r)

M X Biamn(x) = sup
(a.r) (T) r=>o0 1"

= qup % wlB(a,r) N B(x, R)]

,U,[ff((l}’ ,)} ]
(v — a| + 2kr)"

(2k:7.) n
- cr’
T Dk
o c
- 2kn *
Based on (5) obtained,
Z

< c l /( . |f(:r)|"du(r)] £

1:24 2kn /)_(” okt1, ”(” ri) U(L)ip(]ll(]')‘|

< ltb’(u 2r)|p(2r) ”+Zlb’ a, 255 ) [p(28 )”1 £l o)
k=0
r 00
< Cr"[|fllLeogu @(7‘)"+Z¢<2k“r)"}
L k=0
i . i 2h+1 f')p
< Crl s o(rl+Z/
k=0
- T | I ) f r
< Ol [007+ [ #dt]

< Cr|fllpwsyd(r)”.
M )P dpa(x)B(a,r)

So, got it

p
sup {i [ e ] < Ol Mo

Blar) 20) [ Jnan) There forM"f';p,p(u)< C
/.. @(uyMaximum operator limitation Mp above is needed in proving the boundedness of
fractional integral operators and fractional integral operators commonly from the Morrey
space are generally Lp, ¢ to the Morrey space is generally for 1 <p <q <co withp y = @[3,
5]
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I1. DISCUSSION
Fractional integral operators here are generally fraction (integral) integrals using the
function p, which is a non-negative function, namely p: (0, ) — (0, ) (also ¢ and )
and satisfies doubling conditions. For 0 <n < d and the function p: (0, ©) — (0, o)

fractional integrals are generally Ipu in nonhomogeneous space defined as

1 f(x) == /]Rd |(| U|)f(7/)d.“(

y}n

Lemma 4. Suppose ¢: (0, ©) — (0, o) with lim ¢ (R) = «© and lim ¢ (R) =
R—>0+R—>w

0 and fulfills doubling conditions so for every t € R, t> 0 there is R> 0 so that

S(R) <1< ¢ (g) (6)

Theorem 5. Suppose ¢ doubling and fulfilling
L= wdt <erp(r)P,r > 0,00 >0
and inequality
2. (/)(7’) ,VI /)(f) jf + ’ o0 I)(t)(l)(j)(]f < ( O'l( ) r > 0 (12 > 0

Where 1 < p < g <oo, then

1A °pg < Clifp.o(u)
L (w)

Evidence. For each x €Rd and R> 0, we write

Ihf(x) = / Mf(y)du('y) / “—ﬁﬂww

J|z—y|<R |‘L'*y|” lz—y|>R l‘I
= Li(x)+ L(x).

Note for I1 (x), obtained

Volume 02 |Issue 07 | July 2019 www.ijojournals.com 5



IJO- International Journal of Mathematics (ISSN: 2805-413X)

L) < /| Il{%f‘(mdu(y)
plx —wyl), .. :
= Z /’ R<|w—y|<<2F 1R |’ ?I|”’ |f(,1/)|d/l»(,l/)
ok
< C P27 1) |f ()| dpy)

2k I
) (2 )" o —yl<2ktl R
o0

1
CM*"f(x) Z p(2F R)

k=—o0

ok+1 R
CM*f(x) Z /kR /)(f)

M j(.,)/“ Lt

CM*" f(x)d¢

A

IA

IA

IA

Next, for I2 (x) is obtained,
@l < [ e =) £y

le—y>r |z —yl"
p(lx

—yl)
< L ()ldp(y)
/zchc kg o =yl

k=0
= p(2FR)
k—0 (2kR>n |x—y| <2k TR

= @R R) [ 1 Ll 5 z
CZ (2L-R)n—;~’, ((5(21«*1_}?) (2K+1 R)n /1 " ZMIRU(!I)‘(II’(U)] )

k=0

(oo}

I

L/ () dpy)

IN

IN

Cl]-I.HLPwH:M) Z/)(Ql,-\ l[{)()(Qk} l[{.)
k=0

Clfllime mZ/

k=0"2

, * pt)olt)
< Cllfllog [ 20 ar

IN

IA

. , r
("Vl ]-] ] l],l"‘f’(y)(/)(R) e

By adding I1 and 12, obtained
125 < C [ ao(m) T + 1
Next, assuming f 6 = 0, suppose 0. Based on (4),

MFf(x)

- 1" f(x <,(R>
<o = ).
1|j||lﬂ"¢(/1)

E
141’=9’(/t)@(1£) . (7)

d(R)

Do

As a result,
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Y 1 e
‘ y MEF(a) \ “ , MEF(z) \*
115 f ()] < C | A p () A0S ERTRIIPON (i ACO
e T e
b

for every x. Thus obtained,

Z Z
\pufix)|qdu(x) < WILg—p.op (WMuf(x)pdu(x)
B(a,r) B(a,r)
v
< ClfllgL—p,op (v)  Muf(x)pdu(x).
B(a,r)

So,

1 1
([ i@t LS (R [ Arrdu))
e\ s iy *cﬁ(‘r)% PPN ) :

o)’

q

12 1 1 '
q o AT £ (P P
<1 (P [, o)

P

. 17§ L q
<ClI Ay (1M @) oo )

»

1-2 ;
<Cl Mty (1))

SCY] |.f’ | Lp#(pn)*

As aresult,

1 2 =Clfpo(u,

q
()

Thus, it is evident that the generalized integral fractional operator is also bounded in the
Morrey space which is generally not homogeneous.

III. CONCLUSION

It can be seen that if the function p (t) = ta is chosen then for each x, y €Rd applies p (| x
-y|)=|x-y| a, consequently
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) = / PU 9D gty

re | —y|"
x—y v
= / !f (y)dp(y)
Jra |z =yl
= / Ldu(y)
Jpd |&L7 — ylnfw
— I"f(a).

Thus, the boundedness of the fractional integral operators that are generally formulated in the
Morrey space are not homogeneous resulting in the boundedness of fractional integral operators
in the Morrey space which are generally not homogeneous. In addition, if du = dx then it results
in the limitation of the fractional integral operator Ia in the Morrey space. Next, with the
selection of functions, for each f € Lp, ¢ (Rd) is obtained,

1 1 »
[fllpequy = sup —/ |f(W)[Pdu(y)
Lol B(x.r) (/)(I“) e B(x,r)

r 1
v

1 1 7 N
— e | (— [ I,f(z/)l"du(;u)>
B(x,r) | r p " JB(xr)
- 1
1 i P
= sup | — |f ()P dply)
B(x,r) T B(x,r)
= |If]

Thus, if then Lp, ¢ (n) = Lp, A (n). Also, if selected ¢ (t) = then Lp, ¢ (1) = Lp (),
whereas if dp = dx, for Lp, ¢ (1) = Lp, A (Rn) and for Lp, ¢ ( 1) =Lp (Rn).

Lo ()
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